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Quantum Zeno and anti-Zeno effects in quantum dissipative systems
Wei Wu1, ∗ and Hai-Qing Lin1
1Beijing Computational Science Research Center, Beijing 100193, People’s Republic of China
We investigate the quantum Zeno and anti-Zeno effects in quantum dissipative systems by em-
ploying a hierarchical equations of motion approach which is beyond the usual Markovian approxi-
mation, the rotating wave approximation, and the perturbative approximation. The quantum Zeno
and anti-Zeno dynamics of a biased qubit-boson model and a biased qutrit-boson model are provided
as illustrative examples. It is found that (i) there exists multiple Zeno-anti-Zeno crossover phenom-
ena, (ii) the non-Markovian characteristic of the bath may be favorable for the accessibility of the
Zeno dynamics, and (iii) high bath temperature may add the difficulty in observing the quantum
Zeno effect in quantum dissipative systems.
PACS numbers: 03.65.Xp, 03.67.Yz, 42.50.Dv
I. INTRODUCTION
The quantum Zeno effect (QZE) describes a quantum
phenomenon that the decay of an unstable quantum sys-
tem can be frozen or suitably confined by repeated fre-
quent measurements [1]. On the other hand, the reverse
effect, i.e., the acceleration of the decay process of the
unstable quantum system induced by repeated frequent
measurements, has also been pointed out and is known
as the quantum anti-Zeno effect (QAZE) [2]. The QZE
has been experimentally observed in many real physical
systems, such as the trapped ion [3], the superconduct-
ing Josephson junction [4], the ultracold atomic Bose-
Einstein condensate [5], and the nuclear spin system [6].
On the other hand, due to the unavoidable coupling
with the surrounding bath, the microscopic quantum sys-
tem severely undergoes decoherence which is the main
difficulty in fulfilling reliable quantum computation and
quantum communication tasks [7, 8]. In this sense, to
gain a global view and more physical insights into the
QZE and the QAZE, the effect of the surrounding bath
should be taken into consideration. Almost all the ex-
isting studies of the QZE and the QAZE in quantum
dissipative systems have restricted their attentions to
some exactly solvable models, such as the pure dephas-
ing model [9, 10] and the unbiased qubit-boson model
with rotating-wave approximation [10, 11], which is also
called the damped Jaynes-Cummings model. For the un-
biased qubit-boson model beyond the rotating-wave ap-
proximation [12], most of the treatments are based on the
generalized Silbey-Harris transformation [12, 13] which is
valid only in the weak system-bath coupling regime. Very
few studies focus on the more general quantum dissipa-
tive systems, such as the biased qubit-boson model [14–
16] where both the dephasing mechanism and quantum
relaxation are considered in this model. Many previ-
ous articles have shown that the existence of an exter-
nal bias field can remarkably change the decoherence
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behavior of the qubit-boson model [14, 15]. Thus we
expect that the QZE and the QAZE of a biased qubit-
boson model is quite different from that of the unbiased
case. Unfortunately, the reduced dynamics of the biased
qubit-boson model cannot be exactly obtained, in this
paper, we employ a numerical hierarchical equations of
motion (HEOM) method [17–20] to study the QZE and
the QAZE in quantum dissipative systems.
The HEOM is a set of time-local differential equations
for the reduced density matrix of the quantum subsys-
tem, which was originally proposed by Tanimura and his
co-workers [17, 18]. This numerical treatment includes all
the orders of the system-bath interactions and is beyond
the usual Markovian approximation, the rotating wave
approximation, and the perturbative approximation. In
recent years, the HEOM approach was successfully used
to study the reduced dynamics in many chemical and
biophysical systems, such as optical line shapes of molec-
ular aggregates and electron energy transfer dynamics in
the Fenna-Matthews-Olson complex [17]. Furthermore,
the HEOM method is also employed to investigate some
important problems in the field of the quantum infor-
mation science, such as the dynamics of entanglement
or quantum discord in quantum dissipative systems [20],
as well as the dynamical behaviors of the spin squeez-
ing and the quantum Fisher information under certain
non-Markovian decoherence channels [19, 21].
During the past years, there has been an increasing in-
terest to study the memory effect of the bath in quantum
dissipative systems [22–25]; this memory effect, which is
also known as the non-Markovianity, is a very important
characteristic of the quantum dissipative dynamics and
has many applications in realistic physical systems [25].
Since the non-Markovian bath retains the memory and
has some feedback action on the quantum subsystem,
the reduced dynamics of the quantum subsystem could
be considerably changed. It would be of great interest
in an investigation of the QZE and the QAZE in a non-
Markovian bath. Moreover, we are not only interested
in the QZE or the QAZE in the non-Markovian bath,
but also in the modifications of the QZE (or the QAZE)
induced by the non-Markovianity. What is the link be-
tween the non-Markovianity and the QZE (the QAZE)?
2Or more specifically, what is the influence of the non-
Markovianity on the QZE or the QAZE in quantum dis-
sipative systems? In this paper, we try to address this
question by studying the QZE and the QAZE of a bi-
ased qubit (and a qutrit) coupled to a zero temperature
non-Markovian bosonic bath.
On the other hand, for practical quantum devices, the
influences of bath temperature on the decoherence can
not be disregarded. One commonly believed concept is
that the bath temperature can speed up the destruc-
tion of quantum coherence. However, some studies have
shown that the bath temperature is able to reduce the de-
coherence in some quantum dissipative systems [26, 27].
This result is contrary to the common recognition that a
higher bath temperature always induces a more severe de-
coherence and suggests that the bath temperature plays
a very intricate role in quantum dissipative systems. An
interesting question arises here: what is the influences of
the bath temperature on the QZE or the QAZE in quan-
tum dissipative systems? To address the above concern,
we also generalize our study to the finite temperature
situation.
This paper is organized as follows. In Sec. II, we briefly
outline some basic concepts as well as the general for-
malism of the QZE and the QAZE in a general quantum
dissipative system. In Sec. III, we study the QZE and
the QAZE in some general spin-boson models at both
zero and finite temperatures by the numerical HEOM
approach. Some concerned discussions and the main con-
clusions of this paper are drawn in Sec. IV.
II. THE QZE AND QAZE IN A GENERAL
QUANTUM DISSIPATIVE SYSTEM
In this section, we would like to make a brief summary
of the main features of the QZE and the QAZE in quan-
tum dissipative systems. The general Hamiltonian of a
quantum dissipative system can be described by
Hˆ = Hˆs + Hˆb + Hˆsb, (1)
where Hˆs is the Hamiltonian of the quantum subsystem,
Hˆb denotes the Hamiltonian of the surrounding bath and
Hˆsb stands for the system-bath interaction Hamiltonian.
In our work, we regard the quantum subsystem Hˆs as the
object to be measured. Throughout, we work in the di-
mensionless units and ~ = kB = 1. Assuming the initial
state of the quantum subsystem is ˆ̺s(0) = |ψ(0)〉〈ψ(0)|
and the bath is prepared in a thermal equilibrium state
ˆ̺b = exp(−βHˆb)/Trb[exp(−βHˆb)], where β ≡ T−1 is
the inverse temperature, then the reduced density ma-
trix of the quantum subsystem at time t is given by
ˆ̺s(t) = Trb[exp(−iHˆt)ˆ̺s(0)⊗ ˆ̺b exp(iHˆt)].
Suppose that the quantum subsystem is probed N
times by the projective measurements Mˆ = |ψ(0)〉〈ψ(0)|
with equal time intervals τ = t/N during its time evolu-
tion, the survival probability after the measurements is
given by
P (t) =P (τ)N
=[〈ψ(0)| exp(iHˆsτ)ˆ̺s(τ) exp(−iHˆsτ)|ψ(0)〉]N ,
(2)
where we have applied a time-dependent rotation
exp(iHˆsτ) to remove the evolution induced by Hˆs itself,
this treatment is extensively adopted in many previous
studies [9, 28] and would be very helpful for us to study
the QZE and QAZE induced by the dissipative bath. In
our theoretical formalism, we assume that the state of
the bath is not disturbed by the measurements, namely,
the bath is always in the thermal equilibrium state af-
ter each measurement on the quantum subsystem. We
also would like to mention that it might be interesting
to explore the quantum Zeno and anti-Zeno effects of a
quantum subsystem embedded in a non-equilibrium envi-
ronment. The study in this field is beyond the the scope
of our paper and needs further investigation.
For the sake of convenience, one can introduce the ef-
fective decay rate which is defined by
Γ(τ) ≡ − 1
τ
ln[P (τ)]. (3)
Then the survival probability after the measurements can
be rewritten as P (t) = exp[−Γ(τ)t]. The effective de-
cay rate Γ(τ) is the crucial physical quantity to study
the QZE and the QAZE in quantum dissipative sys-
tems [1, 2, 9, 10, 12, 14, 28]. In many previous studies, the
ratio of Γ(τ)/Γ0 is used to identify the occurrence of the
QZE and the QAZE, where Γ0 is the natural decay rate
of the quantum subsystem obtained by the Fermi golden
rule [1, 2, 12]. In this paper, we adopt an alternative way
to characterize the QZE and the QAZE [9, 10, 28, 29]:
the QZE takes place when the effective decay rate Γ(τ)
decreases as τ becomes smaller, while, the QAZE occurs
when the effective decay rate Γ(τ) increases as τ becomes
smaller. The local maximum or minimum of Γ(τ) is the
transition point between the QZE regime and the QAZE
regime. This definition of QZE and QAZE has a clear
physical picture: if the rapidly repeated measurements
decrease the value of effective decay rate, the relaxation
process of the measured system is suppressed which leads
to the QZE, on the other hand, if the rapidly repeated
measurements increase the value of effective decay rate,
the relaxation process of the measured system is accel-
erated which leads to the QAZE. When Γ(τ) = 0, nei-
ther the QZE nor the QAZE occurs. The classification
of the QZE and the QAZE by the behaviors of Γ(τ) is
very suitable for the case where the natural decay rate is
unknown [9, 10, 28, 29].
The other important physical quantity to describe the
QZE is the quantum Zeno time. One of the most widely
used definitionS of the quantum Zeno time is given by [1,
12]
τZ ≡
[
d
dτ
Γ(τ)
]− 1
2
τ→0
. (4)
3With the help of this definition, the survival probability
can be approximately expressed as P (t) = 1 − t2/τ2Z in
the short-time regime. One can find that a larger value
of τZ makes the QZE easier to realize [10, 30].
III. RESULTS
The dissipation-induced decoherence in a quantum
microscopic system can be effectively modeled by the
spin-boson model, which describes the interaction be-
tween a spin subsystem and a bosonic bath. The spin-
boson model has attracted considerable attention in past
decades because it provides a very simple model to simu-
late many physical and biological processes. The reduced
system dynamics of the spin-boson model has been stud-
ied by various analytical and numerical methods, for ex-
ample, the generalized Silbey-Harris transformation ap-
proach [12–14], the time-dependent density matrix renor-
malization group method [31], the Dirac-Frenkel time-
dependent variation with Davydov ansatz [32], and the
HEOM formalism [17–20].
In this paper, we consider a general spin-boson model
which is described by the following Hamiltonian:
Hˆ = Hˆs +
∑
k
ωkaˆ
†
kaˆk + f(sˆ)⊗
∑
k
gk(a
†
k + ak), (5)
where f(sˆ) denotes the quantum subsystem’s operator
coupled to the bath, ωk is the frequency of the kth boson
mode, gk labels the coupling strength between the spin
and the kth boson mode, and aˆk and aˆ
†
k are the anni-
hilation and creation operators of the kth boson mode,
respectively. We use the HEOM method to investigate
the QZE and the QAZE in this general spin-boson model.
The explicit expressions of the hierarchical equations at
both zero and finite temperatures are given in the Ap-
pendix. In this section, the QZE and QAZE of a biased
qubit-boson model and a biased qutrit-boson model are
provided as illustrative examples. In order to demon-
strate the accuracy of our numerical results, we also com-
pare our numerical results with the exactly analytical re-
sults in the pure dephasing cases and the perturbative
results proposed in Ref. [28].
A. The biased qubit-boson model
In this subsection, we study the QZE and the QAZE in
a biased qubit-boson model, the Hamiltonian of which is
described by Eq. 5 with Hˆs =
ǫ
2 σˆz − ∆2 σˆx and f(sˆ) = σˆz.
The QZE and the QAZE in an unbiased qubit-boson
model (ǫ = 0) have been studied in many previous ar-
ticles [12]. There are several reasons why we need to
consider the effect of a finite external bias field in our
study. First, the existence of the finite external bias field
enriches the type of the decoherence mechanism, both
quantum dephasing (∆ = 0 and ǫ 6= 0) and quantum re-
laxation ([Hˆs, f(sˆ)] 6= 0) cases are included in the same
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FIG. 1: Effective decay rate Γ(τ ) of the pure dephas-
ing qubit-boson model obtained by the numerical HEOM
method and the exact analytical expression for initial state
|ψ(0)〉 = 1√
2
(|e〉 + |g〉) with different parameters: λ = 10γ0
(numerical result: orange dotted line, analytical result: pur-
ple rectangles), λ = γ0 (numerical result: magenta dotdashed
line, analytical result: blue diamonds) and λ = 0.1γ0 (nu-
merical result: brown dashed line, analytical result: green
five-point stars). The yellow solid line and the red circles
are the numerical and exact analytical results of initial state
|ψ(0)〉 = |e〉, respectively. Other parameters are chosen as
ǫ = 1, γ0 = 0.5, ∆ = 0, and ω0 = 0.
model. Second, some studies showed that the finite ex-
ternal bias field is able to enhance the quantum coher-
ence [14, 15], this effect of the nonzero external bias field
maybe helpful to realize the QZE or the QAZE in ex-
periments, because the observation of the QZE or the
QAZE requires a relatively long quantum relaxation or
decoherence time [9].
In this subsection, we assume the bath is initially pre-
pared in its Fock-vacuum state
⊗
k |0k〉 and the bath
density spectral function J(ω) ≡∑k g2kδ(ω−ωk) has the
Lorentz spectrum form
JL(ω) =
1
2π
γ0λ
2
(ω − ω0)2 + λ2 , (6)
where λ defines the spectral width of the coupling and
γ0 can be approximately interpreted as the system-bath
coupling strength. The reason why we choose the Lorentz
spectrum at zero temperature case is twofold: firstly, for
a Lorentzian bath density spectral function JL(ω), CL(t)
(see Eq. 14 in the Appendix) is the Ornstein-Uhlenbeck-
type bath correlation function [7, 33] which is the key
requirement to perform the HEOM scheme [17–20]. Sec-
ondly, the Lorentzian spectrum has a clear boundary
between Markovian and non-Markovian regimes [7, 33].
More specifically speaking, the parameter λ is connected
to the bath correlation time τb by the relation τb ≃
λ−1, while the time scale τs, on which the state of
the system changes, is given by τs ≃ γ−10 . In this
sense, the boundary between Markovian regimes and
non-Markovian regimes can be approximately specified
by the ratio of τb/τs = γ0/λ. When γ0/λ is very small,
which means the bath correlation time τb is much smaller
than the relaxation time of the quantum subsystem τs,
the decoherence mechanics is Markovian [7, 33]. When
4γ0/λ is large, the memory effect of the bath should be
taken into account and the dynamics of this open system
is then non-Markovian [7, 33]. In fact, one can demon-
strate that the hierarchical equations in Eq. 15 reduce to
the usual Markovian Lindblad-type master equation in
the limit λ≫ max{γ0, ω0} [18], due to the fact that the
bath correlation function reduces to the Dirac δ function
CL(t − t′) → const. × δ(t − t′) in this situation. This
feature of the Lorentz spectrum is very helpful for us
to study the relationship between the non-Markovianity
and the QZE in quantum dissipative systems. However,
we also want to point out that a more rigorous way
to distinguish the Markovian or non-Markovian regimes
in parameter space should consider not only the bath
density spectral function J(ω) but also the decoherence
channel. In recent years, many physical quantities, such
as trace distance [22], quantum Fisher information and
quantum correlation [24], are proposed to identify the
non-Markovianity in quantum open systems. Unfortu-
nately, only for a few models, one can obtain an analyt-
ical expression of the non-Markovianity. For the more
general quantum open systems, these physical quantities
or schemes are too hard to compute. It would be very
interesting to establish a more rigorous relation between
these non-Markovianity measures and the QZE in quan-
tum dissipative systems.
For the pure dephasing case, namely ∆ = 0, this model
can be exactly solved. Assuming the initial state of the
qubit is |ψ(0)〉 = 1√
2
(|e〉 + |g〉), where |e〉 (|g〉) is the
excited (ground) state of the Pauli σˆz matrix, one can
obtain the explicit expression of the effective decay rate
as follows [9]:
Γ(τ) = − 1
τ
ln[
1
2
+
1
2
e−κ(τ)], (7)
where
κ(τ) = 4
∫
dωJL(ω)
1− cos(ωτ)
ω2
.
In Fig. 1, we plot the effective decay rate Γ(τ) obtained
by the numerical HEOM technique as well as the exactly
analytical expression. A perfect agreement is found be-
tween the two different approaches. One can immediately
observe that the effective decay rate Γ(τ) has a peak
structure, which means there is a crossover between the
QZE and the QAZE regimes. On the other hand, if the
qubit is initially prepared in |ψ(0)〉 = |e〉, one can find
that the value of the effective decay rate Γ(τ) is zero
which means neither the QZE nor the QAZE occurs in
this case. This phenomenon can be easily understood
because |e〉 is a dark state in this pure dephasing model
and does not evolve. These results convince us that the
numerical HEOM technique truly captures the quantum
Zeno or the anti-Zeno dynamics in quantum dissipative
systems.
Next, we adopt the numerical HEOM method to com-
pute the effective decay rate Γ(τ) in the case ∆ 6= 0 and
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FIG. 2: (a) The effective decay rate Γ(τ ) of the biased qubit-
spin model obtained by the numerical HEOM method and
the perturbative approach proposed in Ref. [28] for different
parameters: λ = 5γ0 (numerical result: orange dotted line,
perturbative theory: purple rectangles), λ = 2γ0 (numerical
result: magenta dotdashed line, perturbative theory: blue di-
amonds) and λ = 0.5γ0 (numerical result: brown dashed line,
perturbative theory: green five-point stars), other parameters
are chosen as ǫ = 0.85, ∆ = −0.3ǫ, γ0 = 0.02, ω0 = 0 and
the initial state is |ψ(0)〉 = |e〉. (b) The same with (a) but
γ0 = 0.05. (c) The same with (a) but γ0 = 0.10. (d) ln[Γ(τ )]
obtained by the numerical HEOM method versus τ : λ = 10γ0
(blue solid line) and λ = 0.1γ0 (red dashed line) with γ0 = 1,
other parameters are the same with Fig. 2(a).
compare our numerical result with that of the perturba-
tive approach in Ref. [28], where only the first and second
order terms of the time-evolution operator are consid-
ered. This perturbative approach proposed in Ref. [28]
allows us to obtain a general expression of the effective
decay rate but only works in the weak-coupling regime.
In Figs. 2 (a), (b) and (c), we display the effective decay
rate Γ(τ) obtained by the numerical HEOM method and
the perturbative approach for different system-bath cou-
pling strengths, respectively. It is clear to see that these
two approaches are in good agreement when system-
bath coupling strength is weak. For the strong-coupling
regime, though there is a small deviation between the two
kinds of methods, the results calculated by the pertur-
bative approach can still qualitatively follow these of the
numerical HEOM method. As you can see from Figs. 2
(a), (b) and (c), Γ(τ) now in general has multiple peaks
which indicates that there are multiple Zeno-anti-Zeno
transition phenomena occur in this biased qubit-boson
model. The existence of multiple peaks can be signifi-
cant for experiments, because now a (local) Zeno-anti-
Zeno transition may be also observed using a relatively
large measurement interval.
Now, we try to explore the relationship between the
non-Markovianity and the QZE in quantum dissipa-
tive systems. From Fig. 1, one can find that the
value of the effective decay rate’s derivative at τ = 0,
namely ddτ Γ(τ)|τ→0, increases with the decrease of γ0/λ
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FIG. 3: Effective decay rate Γ(τ ) of the pure dephas-
ing qutrit-boson model obtained by the numerical HEOM
method and the exact analytical expression for initial state
|ψ(0)〉 = |ς, J〉 with different parameters: λ = 10γ0 (numeri-
cal result: orange dotted line, analytical result: purple rect-
angles), λ = γ0 (numerical result: magenta dotdashed line,
analytical result: blue diamonds) and λ = 0.1γ0 (numerical
result: brown dashed line, analytical result: green five-point
stars). Other parameters are chosen as ǫ = 1, γ0 = 0.2, ∆ = 0,
ω0 = 0, φ0 = 0 and θ = π/2.
(throughout this paper, we fix the value of γ0 and change
the value of λ). In fact, in the short time regime,
cos(ωτ) ≃ 1 − 12ω2τ2, one can obtain the analytical ex-
pression of Γ(τ) in Eq. 7. Under this approximation, the
quantum Zeno time is given by τZ ≃ (γ0λ)−1/2, where we
have set ω0 = 0 for the sake of simplicity. This result in-
dicates that the quantum Zeno time τZ becomes short by
decreasing the value of γ0/λ. As our previous analysis, if
the value of γ0/λ is very small, the decoherence dynamics
is Markovian. Thus, we conclude that the quantum Zeno
time τZ in a Markovian bath is shorter than that of the
non-Markovian bath.
The same result is also found in the biased qubit-boson
model, due to the fact that Γ(τ) is very small when
τ → 0, we plot the ln[Γ(τ)] versus τ in Figs. 2 (d). It is
shown that the value of ddτ ln[Γ(τ)]|τ→0 in a Markovian
bath is larger than that of the non-Markovian bath. Con-
sidering the fact that Γ(τ → 0) in the Markovian bath
is larger than that of the non-Markovian bath, one can
demonstrate that the quantum Zeno time τZ in a Marko-
vian bath is shorter than that of the non-Markovian case
in this biased qubit-boson model as well. In this sense,
the non-Markovianity may prolong the quantum Zeno
time. Our results suggest that the non-Markovianity may
be favorable for the accessibility of the QZE in quantum
dissipative systems.
B. The biased qutrit-boson model
In this subsection, we extend our study to a more gen-
eral quantum dissipative system, in which a biased qutrit
is coupled to a bosonic bath. The Hamiltonian of the
quantum subsystem Hˆs and the operator coupled to the
bath f(sˆ) are given by Hˆs = ǫJˆz +∆Jˆx and f(sˆ) = 2Jˆz,
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FIG. 4: (a) Effective decay rate Γ(τ ) of the biased qutrit-
spin model obtained by the numerical HEOM method with
different spectral widths: λ = 10γ0 (purple dot-dashed line),
λ = γ0 (blue dashed line) and λ = 0.1γ0 (red solid line),
other parameters are chosen as ǫ = 1, ∆ = 0.5ǫ, γ0 = 0.5,
ω0 = 0 and the initial state is |ψ(0)〉 = |J = 1,m = 1〉.
(b) The effective decay rate Γ(τ ) obtained by the numerical
HEOM method with different tunneling parameters: ǫ/∆ =
1.2 (purple dot-dashed line), ǫ/∆ = 1.0 (blue dashed line)
and ǫ/∆ = 0.8 (red solid line), other parameters are chosen
as ∆ = 1, λ = 5γ0, γ0 = 0.05, ω0 =
√
ǫ2 +∆2 and the initial
state is |ψ(0)〉 = |J = 1,m = 1〉.
respectively. Operators Jˆz and Jˆx are defined by
Jˆz ≡

 1 0 00 0 0
0 0 −1

 ; Jˆx ≡ 1√
2

 0 1 01 0 1
0 1 0

 .
These matrices are expressed in the basis of {|J = 1,m =
1〉, |J = 1,m = 0〉, |J = 1,m = −1〉} where |J,m〉 are the
eigenstates of Jˆz with Jˆz|J,m〉 = m|J,m〉. We can fur-
ther generalize our analysis to the spin-J (J > 1) quan-
tum dissipative systems which are also relevant to the
two-component Bose-Einstein condensates [34].
For the case ∆ = 0, this qutrit-boson model can be
exactly solved. The reduced density matrix elements of
the quantum subsystem are found to be [9]
̺mm′(t) =̺mm′(0)e
−iǫ(m−m′)te−iφ(t)(m
2−m′2)
× e−κ(t)(m−m′)2 ,
(8)
where
φ(t) = 4
∫
dωJL(ω)
sin(ωt)− ωt
ω2
,
6describes the phase diffusion effects induced by the bath
in this model. In order to compare with the exact an-
alytical results in Ref. [9], we first take the initial state
of the quantum subsystem as a standard SU(2) coherent
state,
|ς, J〉 = (1+ |ς |2)−J
J∑
m=−J
√(
2J
J +m
)
ςJ+m|J,m〉, (9)
where ς = eiφ0 tan(θ/2) with φ0 and θ being the parame-
ters on the Bloch sphere. One can obtain the expression
of the effective decay rate Γ(τ) of this initial state as
follows [9]:
Γ(τ) =− 1
τ
ln[(
|ς |
1 + |ς |2 )
4J
∑
m,m′
|ς |2(m+m′)
(
2J
J +m
)
×
(
2J
J +m′
)
e−iφ(τ)(m
2−m′2)e−κ(τ)(m−m
′)2 ].
(10)
In Fig. 3, we compare the exactly analytical results
given by Eq. 10 and the numerical results from the
HEOM approach. A prefect agreement is found. We also
find that Γ(τ) has single peak in our study which is dif-
ferent from that of Ref. [9]. Considering the fact that we
chosen the Lorentz spectral function instead of the Ohmic
spectrum in Ref. [9], we conclude that the phenomenon of
the occurrence of the multiple Zeno-anti-Zeno crossover
phenomena may be sensitive to the characteristics of the
bath density spectral function. Next, we consider a more
general case, i.e., ∆ 6= 0; the value of the effective de-
cay rate Γ(τ) is numerically computed by the HEOM
method. We observe that Γ(τ) also has multiple peaks or
multiple Zeno-anti-Zeno transitions at intermediate mea-
surement intervals. As you can see from Fig. 4(b), this
phenomenon can become more obvious by adjusting the
ratio of ǫ/∆ which indicates that the multiple-Zeno-anti-
Zeno-transition phenomenon is sensitive to the value of
the external bias field.
Similar to that of the qubit-boson model case, regard-
less of ∆ = 0 or ∆ 6= 0, we find that the value of
d
dτ Γ(τ)|τ→0 in the Markovian bath is larger than that
of the non-Markovian bath. This result also suggests
that the non-Markovian effects of the bath may prolong
the quantum Zeno time and may add the possibility to
realize the QZE in quantum dissipative systems.
C. The finite temperature case
In this subsection, we investigate the relationship be-
tween the bath temperature and the QZE (QAZE) in
quantum dissipative systems. We assume that the bath
is now prepared in a thermal equilibrium state ˆ̺b =
exp(−βHˆb)/Trb[exp(−βHˆb)] and the bath density spec-
tral function J(ω) is the Ohmic spectrum with Drude
cutoff
JO(ω) =
1
π
2χωcω
ω2 + ω2c
, (11)
where χ stands for the coupling strength between the
quantum subsystem and its surrounding bath, parame-
ter ωc is the cutoff frequency. The reduced dynamics
of the quantum subsystem can be numerically explored
by the hierarchical equations given by Eq. 17 in the Ap-
pendix. In Fig. 5, we display the effective decay rate
Γ(τ) versus τ at different temperatures. As you can see
from Fig. 5, the multiple Zeno-anti-Zeno crossover phe-
nomena are observed in the finite temperature case as
well. We also find that the value of ddτ Γ(τ)|τ→0 becomes
larger with the increase of the bath temperature regard-
less of the qubit-boson model or the qutrit-boson model.
This result suggests that the high bath temperature may
enhance the difficulty in realizing the QZE in quantum
dissipative systems.
We would like to add some physical explanations about
why this phenomenon occurs. When the bath tempera-
ture is very high, i.e. β → 0, the bath correlation function
CO(t) of Eq. 16 in the Appendix can be approximately
replaced by the first term of the series as follows:
CO(t) ≃ [χωc cot(βωc
2
)− iχωc]e−ωct ≃ (2χ
β
− iχωc)e−ωct.
In this approximation, the hierarchical equation given
by Eq. 17 in the Appendix is equivalent to the Marko-
vian Zusman equation [35]. This result indicates that the
non-Markovian characteristic becomes weak with the in-
crease of the bath temperature. The same conclusion is
also reported in Refs. [23, 36]. In Ref. [23], the authors
demonstrated that, by making use of the trace distance,
the degree of non-Markovianity in the qubit-boson model
almost equals zero when the bath temperature is very
high. In Ref. [36], the authors found that the backflow
of quantum information from the bath to the system is
reduced, which means the decrease of non-Markovianity,
when bath temperature increases. And according to our
analysis in Subsec. III A, the non-Markovianity may add
the possibility to realize the QZE for a qubit or a qutrit
coupled to a zero temperature Lorentzian environment.
Therefore, for the qubit-boson and the qutrit-boson mod-
els considered in our paper, the quantum Zeno dynamics
may become harder to realize with the increase of bath’s
temperature because a high temperature possibly reduces
the non-Markovianity. In this sense, the result obtained
in this subsection is consistent with our previous analy-
sis in Subsec. III A. Several previous studies have come to
the same conclusion, for example, in Ref. [10], the authors
found that, for the pure dephasing qubit-boson model,
the quantum Zeno time in terms of quantum Fisher in-
formation becomes smaller with the increase of the bath
temperature, this result indicates that the increase of the
bath temperature makes the quantum Zeno dynamics
more difficult. However, considering the fact that our
Hamiltonian of the quantum dissipative system is more
general, this conclusion is more convincing.
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FIG. 5: (a) Effective decay rate Γ(τ ) of the biased qubit-
boson model obtained by the numerical HEOM method at
different temperatures: βǫ = 0.5 (purple dot-dashed line),
βǫ = 0.1 (blue dashed line) and βǫ = 0.01 (red solid line),
other parameters are chosen as ǫ = 1, ∆ = −0.1ǫ, χ = 0.05,
ωc = 10ǫ and the initial state is |ψ(0)〉 = |e〉. (b) The effective
decay rate Γ(τ ) of the biased qutrit-boson model obtained
by the numerical HEOM method at different temperatures:
βǫ = 1 (purple dot-dashed line), βǫ = 0.15 (blue dashed line)
and βǫ = 0.01 (red solid line), other parameters are chosen
as ǫ = 1, ∆ = 0.5ǫ, χ = 0.05, ωc = 10ǫ and the initial state is
|ψ(0)〉 = |J = 1,m = 1〉.
IV. DISCUSSIONS AND CONCLUSIONS
Here, we would like to provide a possible physical ex-
planation why the non-Markovianity may be favorable
for the accessibility of the QZE in quantum dissipative
systems. For the sake of simplicity, we restrict our dis-
cussion in the two-level quantum open system to the ini-
tial pure state. To establish the linkage between the
non-Markovianity and the QZE in two-level quantum
open systems, we first need to demonstrate the follow-
ing lemma which is very helpful for our analysis.
Lemma. A larger value of D[ ˆ̺s(t), ˆ̺
⊥
s (0)] makes a
longer quantum Zeno time τZ in two-level quantum open
systems, where D[ρˆ, ˆ̺] ≡ 12Tr[
√
(ρˆ− ˆ̺)†(ρˆ− ˆ̺)] denotes
the trace distance [22] between quantum state ρˆ and ˆ̺,
ˆ̺⊥ refers to an arbitrary quantum state orthogonal to ˆ̺.
Proof. Assuming the initial state of a two-level quan-
tum subsystem is given by ˆ̺s(0) = |ϕ1〉〈ϕ1|, where
|ϕ1,2〉 are the basis vectors of a certain representation,
then the reduced density matrix at time t can be ex-
pressed in the following form: ˆ̺s(t) = c11(t)|ϕ1〉〈ϕ1| +
c12(t)|ϕ1〉〈ϕ2|+c∗12(t)|ϕ2〉〈ϕ1|+c22(t)|ϕ2〉〈ϕ2|. The trace
distance between ˆ̺s(t) and ˆ̺
⊥
s (0) = |ϕ2〉〈ϕ2| is given
by D[ ˆ̺s(t), ˆ̺
⊥
s (0)] =
√
c211(t) + |c12(t)|2. On the other
hand, the survival probability of the initial state ˆ̺s(0)
can be expressed as c11(t) ≃ 1 − t2/τ2Z in the short
time region. Then, one can find that D[ ˆ̺s(t), ˆ̺
⊥
s (0)] =√
(1− t2/τ2Z)2 + |c12(t)|2. From this expression, it is
easy to see that, for a certain fixed time t, a larger value of
D[ ˆ̺s(t), ˆ̺
⊥
s (0)] induces a longer quantum Zeno time τZ or
makes the QZE easier to realize. In fact, considering the
fact that the trace distance is a measure of distinguisha-
bility between two quantum states, this lemma tells us
a very intuitive physical result: a higher (or lower) dis-
tinguishability between ˆ̺s(t) and ˆ̺
⊥
s (0) (or ˆ̺s(0)) makes
the QZE easier to realize.
The physical meaning of the trace distance
D[ ˆ̺s(t), ˆ̺
⊥
s (0)] can be easily understood from the view
of the exchange of quantum information [22–24, 37].
We can define the change rate of the trace distance as
̟[ρˆ, ˆ̺] ≡ dD[ρˆ, ˆ̺]/dt. When ̟[ ˆ̺s(t), ˆ̺⊥s (0)] < 0, ˆ̺s(t)
and ˆ̺⊥s (0) approach each other, and this can be under-
stood as the quantum information flows from quantum
subsystem to the bath; when ̟[ ˆ̺s(t), ˆ̺
⊥
s (0)] > 0, ˆ̺s(t)
and ˆ̺⊥s (0) are away from each other, and this can be
interpreted as the quantum information flows back to
the quantum subsystem, which is the typical character
of the non-Markovianity [22–24, 37]. Obviously, one can
find that
D[ ˆ̺s(t), ˆ̺
⊥
s (0)] =D[ ˆ̺s(0), ˆ̺
⊥
s (0)]− Iloss[ ˆ̺s(t), ˆ̺⊥s (0)]
+ Igain[ ˆ̺s(t), ˆ̺⊥s (0)],
(12)
where D[ ˆ̺s(0), ˆ̺
⊥
s (0)] = 1 due to the fact that ˆ̺s(0) and
ˆ̺⊥s (0) have orthogonal supports, Iloss[ ˆ̺s(t), ˆ̺⊥s (0)] indi-
cates the quantum information loss due to the dissipation
and Igain[ ˆ̺s(t), ˆ̺⊥s (0)] refers to the quantum information
gained from the bath during the time interval [0, t]. Their
definitions are given by [37]
Iloss[ ˆ̺s(t), ˆ̺⊥s (0)] ≡ −
∫
̟<0
dt̟[ ˆ̺s(t), ˆ̺
⊥
s (0)],
Igain[ ˆ̺s(t), ˆ̺⊥s (0)] ≡
∫
̟>0
dt̟[ ˆ̺s(t), ˆ̺
⊥
s (0)].
In a Markovian process, the bath is memoryless and
there is no feedback information flows from bath to the
quantum subsystem, i.e. Igain[ ˆ̺s(t), ˆ̺⊥s (0)] = 0 for all
the time interval [0, t]. In this case, the trace distance
D[ ˆ̺s(t), ˆ̺
⊥
s (0)] monotonically decreases, ˆ̺s(t) and ˆ̺
⊥
s (0)
become more and more “similar”. On the contrary, for
a non-Markovian process, the feedback quantum infor-
mation flows from bath to the quantum subsystem may
increase the distinguishability between ˆ̺s(t) and ˆ̺
⊥
s (0),
namely the value of D[ ˆ̺s(t), ˆ̺
⊥
s (0)] becomes large. In
this sense, the trace distance D[ ˆ̺s(t), ˆ̺
⊥
s (0)] in a non-
Markovian bath may be larger than the trace distance
D[ ˆ̺s(t), ˆ̺
⊥
s (0)] in a Markovian bath. According to the
8lemma, this non-monotonic behavior of quantum infor-
mation flow may induce a longer quantum Zeno time, or
in other words, the non-Markovianity may be favorable
for the accessibility of the QZE in quantum open systems.
We want to emphasize that Igain[ρˆ, ˆ̺] is not a rigorous
physical quantity to characterize the non-Markovianity
in quantum open systems. Igain[ ˆ̺s(t), ˆ̺⊥s (0)] only quan-
tifies the quantum information, which flows from the
bath back to the quantum subsystem, with respect to
the standard state ˆ̺⊥s (0) during the time interval [0, t].
In this case, the value of Igain[ ˆ̺s(t), ˆ̺⊥s (0)] strongly lies
on the chosen of the standard state ˆ̺⊥s (0) or the ini-
tial state ˆ̺s(0). However, any rigorous measure of the
non-Markovianity of quantum open system should focus
on the decoherence mechanism itself and be independent
of the initial state. Meanwhile, as shown in Ref. [37],
Igain[ρˆ, ˆ̺] still can be regarded as a modified measure of
non-Markovianity and may give the same results with the
measure of non-Markovianity given in Ref. [22] for some
physical models.
In our theoretical formalism, we assume that all the
measurements are ideal and instantaneous. After each
measurement, the measured quantum subsystem is com-
pletely collapsed to its initial state. This postulation
of wave-packet collapse is comprehensively adopted in
most of the previous studies [1, 2, 9–12, 28, 29] and
very beneficial to our numerical approach. However, it
is necessary to point out that the QZE and the QAZE
are independent of the postulation of wave-packet col-
lapse. In Ref. [38], the authors provide a description
of the QZE and the QAZE in quantum dissipative sys-
tems without using the wave-packet collapse postulation
and discuss the effect of the non-demolition measurement
on the QZE and the QAZE. Furthermore, many litera-
tures have shown that the effect of measurement can be
replaced by a continuous strong coupling between the
to-be-measured system and an auxiliary apparatus [39].
Nevertheless, neither of these two formalisms is suitable
for a numerical study of the QZE and the QAZE in quan-
tum dissipative systems, it would be very interesting to
numerically explore the QZE and the QAZE in quantum
dissipative systems beyond the wave-packet collapse pos-
tulation.
The QZE (QAZE) has become a focus of attention not
only because of its foundational implications about the
quantum mechanics, but also because it may be exploited
to explore some potential applications in the quantum
control [40], the communication complexity problem [41],
and the quantum state protection or preparation [42]. To
achieve any of the above potential applications, the noisy
bath can not be ignored. This is the main reason why we
consider the effects of the non-Markovian noise and the
bath temperature on the QZE (and QAZE). Our work is
a step forward in a physical insight into understanding of
the QZE and the QAZE in quantum dissipative systems.
In conclusion, we adopt a numerical HEOM method
to investigate the QZE and the QAZE in quantum dis-
sipative systems. This numerical approach allows us to
study the dynamical behavior of a quantum dissipative
system without the usual Markovian approximation, the
rotating-wave approximation, and the perturbative ap-
proximation. We investigate the effective decay rates of
a biased qubit-boson model and a biased qutrit-boson
model at both zero and finite temperatures. The mul-
tiple Zeno-anti-Zeno crossover phenomena are found in
these quantum dissipative systems. It is necessary to
point out that the existence of multiple peaks can be
significant for experiments, because it allows us to ob-
serve the Zeno-anti-Zeno transition by a relatively large
measurement interval. We also find that the value of the
quantum Zeno time in a Markovian regime is shorter than
that of the non-Markovian regime. This result suggests
that the non-Markovianity of the bath may be favorable
for the accessibility of the QZE in quantum dissipative
systems. Moreover, for the finite-temperature case, it
is shown that the value of the quantum Zeno time at
high bath temperature is shorter than that of the low
temperature case. This result implies that the high bath
temperature may add the difficulty in observing the QZE
in quantum dissipative systems. Finally, due to the gen-
erality of the spin-boson model, we expect our results to
be of interest for a wide range of experimental applica-
tions in quantum computation and quantum information
processing.
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VI. APPENDIX: METHODOLOGY
In this appendix, we briefly outline how to use the
HEOM method to study the reduced dynamics of a bi-
ased qubit coupled to a bosonic bath. To demonstrate the
validity of the numerical results obtained by the HEOM
method, we make some careful comparisons between our
numerical results and the analytical results from the gen-
eralized Silbey-Harris transformation [12–14].
The bath correlation function C(t) of a general spin-
boson model is given by
C(t) ≡Trb[gˆb(t)gˆb(0)ˆ̺b]
=
∫
dωJ(ω)[coth(
βω
2
) cos(ωt)− i sin(ωt)],
where gˆb(t) ≡
∑
k gk(a
†
ke
iωkt + ake
−iωkt). If the bath
correlation function can be expressed as a sum of expo-
9nential functions, i.e.,
C(t) =
∑
j
ζje
−υjt, (13)
where ζj and υj are assumed to be complex numbers
for the generality, the hierarchical equations can be de-
rived by making use of the Feynman-Vernon influence
functional approach [17, 18] or the superoperator tech-
nique [19, 20, 43]. Equation 13 is the key condition to
perform the HEOM method. For the Lorentz spectrum,
the bath correlation function at zero temperature is given
by
CL(t) =
1
2
γ0λe
−(λ+iω0)t. (14)
This is the simplest case of Eq. 13. Following procedures
shown in Ref. [20], one can obtain the hierarchy equations
of the reduced quantum subsystem as follows:
d
dt
ρˆ~l(t) =(−iHˆ×s −~l · ~ν)ρˆ~l(t) + Φˆ
2∑
p=1
ρˆ~l+~ep(t)
+
2∑
p=1
lpΨˆpρˆ~l−~ep(t),
(15)
where ~l = (l1, l2) is a two-dimensional index, ~e1 = (1, 0),
~e2 = (0, 1), and ~ν = (λ−iω0, λ+iω0) are two-dimensional
vectors, two superoperators Φˆ and Ψˆp are defined as fol-
lows:
Φˆ = −if(sˆ)×, Ψˆp = i
4
γ0λ[(−1)pf(sˆ)◦ − f(sˆ)×],
with Xˆ×Yˆ ≡ [Xˆ, Yˆ ] = XˆYˆ − Yˆ Xˆ and Xˆ◦Yˆ ≡ {Xˆ, Yˆ } =
XˆYˆ + Yˆ Xˆ . The same hierarchical equations can be
also derived by making use of the stochastic decoupling
scheme proposed by Shao et al. [27].
The initial-state conditions of the auxiliary matrices
are ρˆ~l=~0(0) = ρˆs(0) and ρˆ~l 6=~0(0) = 0, where ~0 = (0, 0)
is a two-dimensional zero vector. For numerical simu-
lations, we need to truncate the number of hierarchical
equations for a sufficiently large integer L, which means
all the terms of ρˆ~l(t) with l1 + l2 > L are set to be zero.
Then terms of ρˆ~l(t) with l1 + l2 ≤ L form a closed set of
differential equations.
In the finite-temperature case, the bath correlation
function C(t) does not satisfy the condition to perform
the HEOM method for the Lorentz spectrum. Thus we
assume that bath density spectral function is the Ohmic
spectrum with Drude cutoff, namely J(ω) = JO(ω), for
the finite temperature case. The bath correlation func-
tion is then given by [17–19]
CO(t) =
∞∑
j=0
ζje
−υjt, (16)
where υj = ωcδ0j + 2jπ(1− δ0j)/β denotes the jth Mat-
subara frequency and
ζj =
4χωc
β
υj
υ2j − ω2c
(1− δ0j) + [χωc cot(βωc
2
)− iχωc]δ0j ,
are the expansion coefficients. With the help of the bath
correlation function given by Eq. 16, the hierarchical
equations at finite temperature can be obtained as fol-
lows [17–19]:
d
dt
ρˆ~ℓ(t) =(−iHˆ×s − ~ℓ · ~µ)ρˆ~ℓ(t)
− ( 2χ
βωc
− iχ−
ε∑
q=0
ζq
υq
)f(sˆ)×f(sˆ)×ρˆ~ℓ(t)
+ Φˆ
ε∑
q=0
ρˆ~ℓ+~eq (t) +
ε∑
q=0
ℓqΘˆqρˆ~l−~eq (t),
(17)
where ~ℓ = (ℓ0, ℓ1, ℓ2, ..., ℓε) is a (ε+1)-dimensional index,
~eq = (0, 0, 0, ...1q, ..., 0) and ~µ = (υ0, υ1, υ2, ..., υε) are
(ε + 1)-dimensional vectors and ε is the cutoff number
of the Matsubara frequency. The superoperator Θˆq is
defined as
Θˆq = −i[ζRq f(sˆ)× + iζIq f(sˆ)◦],
where ζRq and ζ
I
q are the real and imaginary parts of ζq.
If the bath temperature is very high, i.e. β → 0, or the
value of ε is very large, i.e. ε→∞, the term of
(
2χ
βωc
− iχ−
ε∑
q=0
ζq
υq
)f(sˆ)×f(sˆ)×ρˆ~ℓ(t),
can be approximatively neglected [18] and Eq. 17 re-
duces to the hierarchical equations in Ref. [27]. This
approximation is reliable when the bath temperature is
not very low. The initial-state conditions of the aux-
iliary matrices are ρˆ~ℓ=~0(0) = ρˆs(0) and ρˆ~ℓ 6=~0(0) = 0,
where ~0 = (0, 0, 0..., 0) is a (ε+ 1)-dimensional zero vec-
tor. In this paper, we keep on adding the number of
the differential equations until the final result converges.
It is necessary to point out that the HEOM approach
is independent of the usual Markovian approximation,
the rotating-wave approximation, and the perturbative
approximation; in this sense, it can be regarded as a rig-
orous numerical method.
In order to verify the feasibility and the validity of the
HEOM method, we make a comparison between the re-
sult obtained by the numerical HEOM method and that
of the analytical generalized Silbey-Harris transformation
approach [12–14]. In Fig. 6, we display the dynamics of
the population difference 〈σˆz(t)〉 ≡ Tr[ˆ̺s(t)σˆz ] of the bi-
ased qubit-boson model, which is a very common quan-
tity of interest in experiments. Here we assume that the
initial state of the biased qubit is ˆ̺s(0) = |e〉〈e|, and
the bath is initially prepared in its Fock-vacuum state⊗
k |0k〉 with Lorentzian spectrum.
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FIG. 6: Time evolution of the population difference 〈σˆz(t)〉
for Hˆs =
ǫ
2
σˆz − ∆2 σˆx and f(sˆ) = σˆz with different coupling
parameters: (a) γ0 = 0.2∆, (b) γ0 = 0.4∆, (c) γ0 = 0.6∆
and (d) γ0 = 1.0∆. The purple solid lines are the numer-
ical results obtained by the HEOM method, the red circles
denote the results obtained by the generalized Silbey-Harris
transformation approach and the blue dashed lines represent
the Born-Markov results from Ref. [14]. Other parameters are
chosen as ǫ = 0.2, ∆ = 2.5ǫ, λ = 0.2γ0 and ω0 =
√
ǫ2 +∆2.
In Fig. 6(a), we consider the value of the system-
bath coupling strength as γ0 = 0.2∆, which is weak
enough for this model, and compare the numerical re-
sults obtained by the HEOM approach and analytical re-
sults from the generalized Silbey-Harris transformation
method. Good agreement is found between results from
the two different approaches. For the strong-coupling
regime, such as γ0 = ∆ in Fig. 6(d), a deviation is
found between the results calculated by the HEOM ap-
proach and the generalized Silbey-Harris transformation
method. However, the HEOM results are believed to
be more reliable, because the generalized Silbey-Harris
transformation method neglects the higher-order terms
of the system-bath coupling strength which is invalid
in strong-coupling regime. In the moderately strong-
coupling regime, such as γ0 = 0.4∆ in Fig. 6(b) and
γ0 = 0.6∆ in Fig. 6(c), one can find that the results of
the generalized Silbey-Harris transformation method are
still in qualitative agreement with those of the numer-
ical HEOM method. Moreover, we also compare these
results with that of the Born-Markov approximation and
find that the Born-Markov approximation gives a rela-
tively large deviation in the population dynamics regard-
less of the weak-coupling or the strong-coupling regimes.
In this sense, the generalized Silbey-Harris transforma-
tion method captures the dynamics of the biased qubit-
boson model when the system-bath coupling is not too
strong. On the contrary, the usual Born-Markov theory
may give a qualitatively incorrect conclusion as a result of
neglecting the feedback action of the bath with memory.
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